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ABSTRACT
This chapter addresses introductory concepts regarding the mathematical modeling of sulfur dioxide adsorption in a fixed-bed reactor column utilizing chitosan as the bio adsorbent matrix. The study is situated within the field of process engineering and emphasizes the importance of dynamic models, based on Partial Differential Equations (PDEs), for predicting the behavior of real and complex systems, such as distributed ones. The objective was to present the two coupled PDEs that describe the mass balance of the gas, one for the gaseous phase along the bed and the other for diffusion within the solid phase. The selection of this biopolymer represents a sustainable innovation, leveraging its affinity for polluting gases. The numerical resolution of these PDEs, aided by software such as Matlab and Origin, allows for the prediction of the process dynamics and the analysis of the effects of variations in operational and structural parameters of the column and the matrix. The theoretical aspects presented provide an understanding of the model for the removal of atmospheric pollutants, establishing a foundation for future experimental research and the optimization of the pollution control process.
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RESUMO
Este capítulo aborda conceitos introdutórios sobre a modelagem matemática da adsorção de dióxido de enxofre em uma coluna de reator de leito fixo utilizando a quitina como matriz bioadsorvente. O estudo está inserido na área de engenharia de processos e enfatiza a importância de modelos dinâmicos, baseados em Equações Diferenciais Parciais (EDPs), para prever o comportamento de sistemas reais e complexos, como os distribuídos. O objetivo foi apresentar as duas EDPs acopladas que descrevem o balanço de massa do gás, sendo uma para a fase gasosa ao longo do leito e outra para a difusão na fase sólida. A escolha deste biopolímero representa uma inovação sustentável, aproveitando sua afinidade por gases poluentes. A resolução numérica dessas EDPs, com auxílio de softwares como Matlab e Origin, permite a previsão da dinâmica do processo e a análise dos efeitos das variações nos parâmetros operacionais e estruturais da coluna e da matriz. Os aspectos teóricos apresentados fornecem uma compreensão do modelo para a remoção de poluentes atmosféricos, estabelecendo uma base para futuras pesquisas experimentais e para a otimização do processo de controle da poluição.

Palavras-chave: Modelagem Matemática. EDPs. Adsorção. Dióxido de Enxofre.

RESUMEN
Este capítulo aborda conceptos introductorios sobre el modelado matemático de la adsorción de dióxido de azufre en una columna de reactor de lecho fijo utilizando quitina como matriz bioadsorbente. El estudio se sitúa en el campo de la ingeniería de procesos y enfatiza la importancia de los modelos dinámicos, basados en Ecuaciones Diferenciales Parciales (EDP), para predecir el comportamiento de sistemas reales y complejos, como los distribuidos. El objetivo fue presentar las dos EDP acopladas que describen el balance de masa del gas: una para la fase gaseosa a lo largo del lecho y otra para la difusión dentro de la fase sólida. La elección de este biopolímero representa una innovación sostenible, aprovechando su afinidad por gases contaminantes. La resolución numérica de estas EDP, con el apoyo de software como Matlab y Origin, permite predecir la dinámica del proceso y analizar los efectos de las variaciones en los parámetros operativos y estructurales de la columna y de la matriz. Los aspectos teóricos presentados proporcionan una comprensión del modelo para la remoción de contaminantes atmosféricos, estableciendo una base para futuras investigaciones experimentales y la optimización del proceso de control de la contaminación.

Palabras clave: Modelado Matemático. EDP. Adsorción. Dióxido de Azufre.

























1 INTRODUCTION
A mathematical model can be defined as the representation of a system or phenomenon. Specifically in process modeling, it is the set of equations capable of predicting the behavior of the involved steps. Such models can be static, which describe the final or equilibrium state, or dynamic, with the latter being of great interest as it portrays the temporal evolution of the process1. In more realistic terms, a model is a mathematical approximation of a real process.
The creation of mathematical models generally follows two approaches: physic-phenomenological modeling or parameter identification. The former is based on applying fundamental laws from the areas related to the experiment, such as the laws of conservation of mass, energy, and momentum1. In contrast, parameter identification is an experimental approach where input variables are modified, the system’s responses are observed and based on these observations, a representative model is sought to be constructed or adjusted.
Other classifications of models concern their mathematical nature. In terms of spatial coordinates, the modeling of lumped systems — where spatial variations are considered small or negligible — results in a system of Ordinary Differential Equations (ODEs). On the other hand, distributed systems, in which parameters vary significantly in space, such as the temperature profile in a long reactor, generate a system of Partial Differential Equations (PDEs). Real systems are often nonlinear, possessing terms such as powers, exponential, or logarithmic functions, but they can be approximated to linear models under certain conditions or through linearization techniques1.
The dynamic modeling of processes is essential for the automation and control of industrial systems, allowing operators to act within an ideal operational margin. Control strategies, such as feedback, which makes changes based on disturbances, and feed forward, which measures previous parameters to prevent disturbances, depend directly on the predictive capacity of the mathematical model utilized2. In addition to the categories of controllers, there are also the control actions, which are divided into proportional, integrative, and derivative actions. The categories of controllers are related to the actions they perform, with the most common being P (proportional only), PI (proportional and integrative), and PID (proportional, integrative, and derivative)2. However, a proportional controller has a persistent error (offset), while a PI controller manages to correct the offset. Finally, a PID controller, besides correcting the persistent error, performs the adjustments more quickly than the other categories of controllers2.

In the context of Chemical Engineering, fixed-bed reactors represent a configuration widely used to promote efficient contact between a liquid or gaseous fluid reactant and a solid catalyst. In comparison, flow in fluidized beds exhibits a more chaotic and complex behavior, which significantly increases the complexity of the necessary mathematical modeling3. In fixed beds, the solid matrix used can be an adsorbent material. Currently, more ecological materials and compounds such as biopolymers have been employed, representing a promising and ecologically advantageous alternative to polymeric or ceramic materials.
The objective of this chapter is to present some Partial Differential Equations (PDEs) and an introduction to the resolution methods for adsorption models in reactors. The text is divided into a section on fundamental concepts regarding PDEs and a section on the application of these equations in fixed-bed reactors.
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2 FUNDAMENTAL CONCEPTS OF PARTIAL DIFFERENTIAL EQUATIONS
In diverse areas of knowledge, equations are fundamental for describing a process. Among them, partial differential equations (PDEs) stand out, characterized by the fact that the derivative depends on more than one independent variable. One way to simplify partial differential equations is to transform them into a system of ordinary differential equations (ODEs), which are characterized by having a derivative with only one variable. In this manner, it becomes possible to simplify the modeling of a process4.
The standard form of a Partial Differential Equation (PDE) is described by:
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In Equation (1)  is a dependent variable, while  and  are independent variables. The terms  and  represent the first-order derivatives. The notations  and  represent a second-order derivative of the variable  with respect to  and  respectively. The function  is also a mixed second-order derivative, first with respect to  and then with respect to . The derivative  is also a mixed second-order derivative, first with respect to  and then with respect to .
An important classification of PDEs is based on the order and the degree of the equation. The order relates to the numerical rank of the highest derivative (first, second, and so on) present in the equation, whereas the degree is associated with the exponent of that highest-order derivative. This classification aids in identifying the equation type, which is crucial for determining the ideal solution method4.
Another important classification of PDEs refers to their linearity. An equation is considered linear when the variable  and its derivatives do not multiply each other and are not arguments of nonlinear functions, such as trigonometric, logarithmic, or exponential functions. PDEs can also be classified by their homogeneity, being considered homogeneous if all non-zero terms contain the dependent variable  or its derivatives. 
A differential equation has two types of solutions: a general solution or a particular solution. The general solution is expressed as a function of arbitrary constants, whereas a particular solution can be found by applying boundary values or initial conditions. The number of arbitrary functions in a solution is directly related to the order  of the PDE, such that the solution will have  arbitrary functions conjugated by the principle of superposition4.

[bookmark: _Toc174460462]2.1 ANALYTICAL AND NUMERICAL METHODS FOR SOLVING DIFFERENTIAL EQUATIONS
The simplest method for solving a second order PDE was proposed by Fourier and is based on the separation of variables. First, it is assumed that the solution can be expressed as the product of two functions, where each function depends on only one independent variable.

𝑢𝑥,𝑦=𝑋𝑥∗𝑇𝑦                                                                            2 

Using Equation (2) as the basis for the solutions, the boundary conditions are employed to obtain the eigenvectors and eigenvalues, which are derived through the separation of variables defined in the solution equation. With the eigenvalues, it becomes possible to find a formal solution to the differential equation, which will be a function of constants. These constants can then be determined using the initial conditions4.
Based on the proposed equation for solving the PDE, it is possible to write it in the form:


Equation (3) represents the form of a wave equation. The method consists of equating both sides to a constant . To find the eigenvalues, it is necessary to evaluate all possible cases for the value of this constant: zero, positive, and negative. When evaluating these constant cases, it is fundamental to analyze the effectiveness of the solution. The zero value for the constant leads to a trivial solution, where all terms are null. When seeking the solution of a single-variable equation,  or , it is possible to express the function using trigonometric functions. To keep the solution real, it is necessary to transform the solution into a sum, thereby satisfying the conditions of the solution4.
Although the separation of variables is a viable method for simpler PDEs, in the majority of applications, an analytical solution is either not possible or does not provide a useful solution function for the problem. In these cases, numerical methods are utilized, which provide an approximation of the result. Obtaining an approximate solution for PDEs through numerical methods can be accomplished by the Finite Difference Method (FDM), which is used to solve initial value or boundary value problems. This method consists of transforming a continuous domain into a domain of discrete points, known as a mesh (or grid)5. The transformation is performed by finding approximations of the derivatives in algebraic equations, using finite difference formulas calculated at defined points. In this way, it is possible to create a mesh formed by discrete points that define the equation.
Numerical methods play a crucial role in solving differential equations that lack an analytical solution or in simplifying the equation resolution process. However, when employing a numerical method, it is essential to evaluate the existence and uniqueness theorems of the solution to prevent the solution from converging to a value that is not necessarily close to the problem's actual solution6. The solution obtained by numerical methods is generally the result of a computationally developed algorithm, which can introduce deviations with each iteration performed. Therefore, this resolution must take into account aspects such as consistency, accuracy, stability, and convergence.
Numerical solutions can be categorized into two classes: single-step methods and multi-step methods. The so-called single-step methods are those in which the calculation of each point depends only on the immediately preceding point, such as the Euler and Runge-Kutta methods. Conversely, multi-step methods depend on several previously calculated steps; with this data, an approximation of the next point is made through iterations until the value is within an established limit. Examples of multi-step methods include the Adams-Bashforth predictor-corrector method and the Euler-Newton method6. The order of the method is directly related to its accuracy and difficulty, with higher-order methods being more accurate but presenting greater complexity.

[bookmark: _Toc174460468]2.2 EULER AND RUNGE-KUTTA METHODS
The solution function obtained by a numerical method can be written in the form:



Where:
  represents a new value that can be determined from a known value  summed with the product of the slope  and the step size . The step size  is the horizontal distance from the previous point to the new point. The Euler method utilizes the first derivative as the estimate for the slope, represented in the form:




Equation (5) represents a derivative of the function calculated at the point  e . Errors in numerical solutions can be classified into two groups: truncation errors and round-off errors. Truncation errors originate from the propagated error of the previous point approximations. In the Euler method, the truncation error is evidenced by the fact that, by using only one step, several derivatives (, ... ) were neglected, which leads to an approximate solution. One way to reduce this error is to decrease the size of the step used7.
The Runge-Kutta method is also a single-step method; however, its complexity is greater due to the utilization of higher-order terms in the approximation. The order of this method is variable, offering a flexible choice depending on the resolution requirements. This strategy reduces the error in the result approximation. The complexity is increased because it is necessary to calculate derivative terms as a function of different points, as exemplified for the second order:





Where:
 The number of  terms to be calculated defines the order of the method. The method remains single-step because, after calculating the  terms, it is possible to find the result of the function at the subsequent point6.
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The Adams-Bashforth method is a multi-step method because it requires the calculation of initial values using a single-step method. Starting from these initial values, an initial guess (or prediction) is sought, which will then be corrected through subsequent iterations.Parte superior do formulário





Where Equation (11) represents the method for four steps, through which the initial guess (or predicted value) is obtained, being referred to as the explicit method because the calculation of the term  are used values of , , . The implicit method, in turn, has the form:



Where:
Equation (12) represents only the process for four steps; the number of steps will change the number of constants and the quantity of derivatives 6. The correction can be done iteratively, and if the difference between the points is greater than a minimum error, the equation must be calculated again, changing the value of the term .

[bookmark: _Toc174460471]3 APPLICATION OF DIFFERENTIAL EQUATIONS IN REACTORS 
Flow through a porous medium is present in various engineering activities, with emphasis on catalytic reactions. The reaction can occur when a fluid passes through a fixed or packed bed, composed of particulate structures fixed inside columns or tanks3. Flow in fixed beds has a crucial characteristic called porosity, which relates the volume of void spaces to the total volume. This occurs because the solids occupy a certain space, and the fluid can only pass through the void spaces. Other important properties include the packing density, which relates to the density occupied by the solid, the superficial velocity, and the interstitial velocity. The superficial velocity measures the velocity without considering the presence of the solids, while the interstitial velocity measures the fluid's velocity as it passes through the void spaces.
Relationships were developed between the fixed-bed parameters to describe the adsorption process with greater precision. In general, the mentioned properties are used to describe particles with a known shape, frequently approximated to the shape of spheres. However, many particles are porous, which introduces a term known as apparent density, since their volume will be approximated to a spherical geometric shape, but not all of this volume will be occupied by the solid3. It is also possible to represent the porosity of these particles by the relationship between their real volume and the approximated volume.
The removal of the pollutant in the gaseous state occurs through adsorption, a process characterized by the reduction in the concentration of a certain component as it transfers from one phase to another. For example, the concentration of sulfur dioxide (SO2) in the air will decrease as it transfers to a solid component. This separation occurs due to the capacity of the solid adsorbent to interact with the fluid. The adsorbent material in the matrix is the main packing component in a fixed bed, where the fluid is adsorbed by mass transfer effects until this adsorbent material is saturated.
Adsorption can be divided into two types: physical adsorption (physisorption) or chemical adsorption (chemisorption). Physical adsorption is characterized by molecular interactions (e.g., van der Waals forces) between the adsorbent and the adsorbate, often based on shape affinity and being frequently reversible. Chemical adsorption, conversely, occurs through the formation of chemical bonds between the components, making subsequent separation more difficult. In the latter case, the adsorbent is typically discarded after saturation.
The force of the interaction between the adsorbent and the adsorbate depends on several properties, such as polarity, hydrophilic or hydrophobic character, as well as the operating conditions of pressure, temperature, and concentration of the component to be removed from the fluid. The kinetic selectivity of this interaction is primarily defined by size relationships, wherein the adsorbent’s pores must exhibit a size comparable to the dimensions of the adsorbate molecules.
The size relationship generates the molecular sieve effect, wherein the adsorbent possesses pores with a size that excludes all molecules with larger dimensions8. Thus, only smaller molecules will be attracted and undergo interactions with the adsorbent’s pores. The particles attracted by the adsorbent will lodge in the void spaces of the pores, generating an occupied surface area. The larger the available area to be occupied, the greater the adsorption efficiency9.
Bio adsorbents have been increasingly utilized in engineering due to their advantages, such as high availability, biocompatibility, and biodegradability, making them excellent options for the removal of various pollutants. The fact that Brazil is a country with great diversity and abundance of biomass makes the utilization of bio adsorbents especially promising. Chitin is the most basic component of chitosan, differing only by the percentage of amines present. It is a natural polymer extracted from the exoskeleton of crustaceans and fungi. This polymer features a stable three-dimensional structure, making its use as an adsorbent favorable. The deacetylation of a chitin polymer is the most common method for producing chitosan, which is characterized by a degree of deacetylation greater than 50%.
After extraction, the final properties of chitosan, such as the degree of deacetylation, molecular weight, and presence of impurities, depend on the source of the raw material and the variables of the production process. This set of final properties can directly influence its adsorption capacity. Chitosan can be produced in different final forms, such as powder, flakes, gels, films, membranes, microspheres, and nanoparticles. Although the powder and flake forms present limitations in fixed-bed systems, they have been the most frequently used. The spherical geometry of the particles is the preferred choice, as it allows for greater ease in obtaining its parameters and surface characterization. Another aspect that favors this choice is related to the greater ease of packing a reactor with this shape8,10.
The adsorption dynamics of a gas such as SO2 can be modeled by mass balance equations. The interpretation of the gas behavior in the reactor is primarily based on the resolution of Differential Equation (13):



Equation (13) represents the mass balance, characterized by the terms for mass accumulation in the gaseous phase, mass accumulation in the solid phase, and mass transfer. In this equation,  refers to the SO2 concentration in the gaseous phase;  is the SO2 concentration in the solid phase;  refers to the bed density;  is the bed porosity;  is the interstitial gas velocity in the bed; and  represents the axial dispersion term.
The term  also involves a differential equation, as presented in Equation (14), which is known as the Second Law of Fick or the Homogeneous Surface Diffusion Model (HSDM).



Equation (14) describes how the concentration of SO2 in the solid phase; () varies with time ()  and the radial position () within a spherical system, specifically considering the diffusion of SO2. The system is treated as spherical because the particles can be approximated as spheres. The term  is the effective diffusion coefficient and can be factored out of the differential operator if it is considered, or well approximated, as a constant.
The constant parameters can be obtained through equations and mathematical relationships, and they can be divided into two categories: bed properties and fluid flow properties. Based on the differential equations (13) and (14) and related algebraic equations, the solution will provide the parameters of the SO2 adsorption process onto a chitosan solid adsorbent matrix11.

4 CONCLUSIONS
This chapter provided a theoretical and applied introduction to the mathematical modeling of adsorption processes in fixed-bed reactors, focusing on the removal of the atmospheric pollutant sulfur dioxide utilizing chitosan as the bio adsorbent matrix. Initially, the central role of mathematical models was established, particularly dynamic models, for the prediction and control of industrial processes, highlighting the relevance of Partial Differential Equations (PDEs) to describe distributed systems where variables depend on both time and space. The fundamental concepts of PDEs and their classifications were presented, and due to the complexity of obtaining analytical solutions for most real-world engineering problems, the necessity of employing numerical solution methods such as finite differences and the Euler and Runge-Kutta methods was emphasized. 
The application of modeling was exemplified in the context of sulfur dioxide adsorption. The system was described by the coupling of two PDEs: one for the mass balance in the gaseous phase along the reactor column and the other for the diffusion and mass accumulation in the solid phase of the chitosan particles. The choice of chitosan, a biopolymer of high availability and biocompatibility, is justified by the pursuit of sustainable environmental solutions. Mathematical modeling in this context allows for the simulation of the system’s behavior under various operational and structural conditions, such as porosity and interstitial velocity. This study illustrates how computational simulation and the numerical resolution of PDEs are indispensable tools for the evaluation of new materials, such as the chitosan matrix, for environmental engineering. 
The ability to generate breakthrough curves and analyze the impact of parametric variations, as demonstrated in the application, provides a foundation for optimizing the design and operation of fixed-bed reactors, thereby contributing significantly to the development of effective technologies for the removal of polluting gases. The authors applied the numerical resolution of the partial differential equations, utilizing software such as Matlab, in the study of sulfur dioxide adsorption in a chitosan bed. The simulation results were recently published in a scientific article available online.
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