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ABSTRACT 
The population balance equation (PBE), an integro-differential equation, describes the 
temporal and spatial evolution of particle size distributions in processes such as 
crystallization, aerosol dynamics, polymerization, and colloidal systems, accounting for 
phenomena like growth, breakage, aggregation, nucleation, and death. Numerical and hybrid 
methods have been widely employed to solve the PBE, extending its use across science and 
engineering. This study applies the generalized integral transform technique (GITT) as a 
hybrid method to solve the PBE, enabling its transformation into an analytical form and 
yielding accurate particle size distributions. The method proved efficient and robust, 
supporting analysis and control in particulate processes. 
 
Keywords: Population Balance Equation. Generalized Integral Transform Technique. 
Crystallization. Aerosol. 
 
RESUMO  
A equação de balanço populacional (EBP), uma equação integro-diferencial, descreve a 
evolução temporal e espacial das distribuições de tamanho de partículas em processos como 
cristalização, dinâmica de aerossóis, polimerização e sistemas coloidais, considerando 
fenômenos como crescimento, quebra, agregação, nucleação e morte. Métodos numéricos 
e híbridos têm sido amplamente empregados para resolver a EBP, estendendo seu uso à 
ciência e à engenharia. Este estudo aplica a técnica de transformação integral generalizada 
(GITT) como um método híbrido para resolver a EBP, permitindo sua transformação em uma 
forma analítica e produzindo distribuições de tamanho de partículas precisas. O método se 
mostrou eficiente e robusto, auxiliando na análise e no controle de processos particulados. 
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RESUMEN 
La ecuación de balance de poblaciones (EBP), una ecuación integrodiferencial, describe la 
evolución temporal y espacial de las distribuciones de tamaño de partícula en procesos como 
la cristalización, la dinámica de aerosoles, la polimerización y los sistemas coloidales, 
considerando fenómenos como el crecimiento, la rotura, la agregación, la nucleación y la 
muerte. Los métodos numéricos e híbridos se han empleado ampliamente para resolver la 
EBP, extendiendo su uso a la ciencia y la ingeniería. Este estudio aplica la técnica de 
transformada integral generalizada (GITT) como método híbrido para resolver la EBP, lo que 
permite su transformación a una forma analítica y proporciona distribuciones de tamaño de 
partícula precisas. El método demostró ser eficiente y robusto, facilitando el análisis y el 
control en procesos particulados. 
 
Palabras clave: Ecuación de Equilibrio Poblacional. Técnica de Transformada Integral 
Generalizada. Cristalización. Aerosol. 
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1 INTRODUCTION 

This study addresses the modeling of particle size distributions in chemical 

engineering systems via the Population Balance Equation (PBE), an integro‑differential 

formulation that concurrently describes nucleation, growth, aggregation, fragmentation, and 

particle death phenomena. Given the importance of this tool for processes ranging from 

crystallization and polymerization to membrane separations and aerosol reactors, various 

numerical and hybrid solution techniques have been developed to enhance accuracy and 

computational efficiency. Among these, the Generalized Integral Transform Technique (GITT) 

stands out by converting the PBE into a system of ordinary differential equations in the 

transform‑coefficient space, enabling an approximate analytical formulation with rapid 

convergence. 

In light of the intrinsic complexity of the PBE and the limitations of purely numerical 

methods, particularly regarding computational cost and accuracy under non‑homogeneous 

conditions, this work investigates the applicability of GITT to solve the PBE and obtain the 

particle size density function with high numerical precision. The central research question is 

whether the GITT‑based hybrid methodology yields robust and consistent solutions across 

different particle process regimes, thereby supporting control and optimization strategies in 

industrial settings. 

This study is justified by the need for analytical tools that combine low computational 

cost with high reliability in predicting particle population distributions, a critical requirement 

for the modeling and design of chemical and biochemical processes. By demonstrating 

GITT’s efficacy in resolving the PBE, the research aims to advance more robust mathematical 

models, directly impacting granulometric property prediction and control development in 

industrial operations, and deepening scientific understanding of particle population dynamics. 

 

2 THEORETICAL FRAMEWORK 

Population Balance Equations (PBE) are extensively used to model particulate 

systems, such as cell populations, droplets, crystals, polymers, and aerosols, by predicting 

the evolution of particle property distributions through number balances (Batista, 2011). 

Initially formulated for Brownian aggregation (Smoluchowski, 1917), PBEs were later 

extended to include breakage (Rigopoulos; Jones, 2003) and, from the 1960s onward, 

applied to nucleation and growth, establishing their role in process modeling (Hulburt; Katz, 

1964; Randolph, 1969; Drake, 1972; Ramkrishna, 1973, 1985). 

Recent developments emphasize numerical and hybrid solution methods, particularly 

in crystallization (Costa; Maciel; Filho, 2007), as well as reduced-form derivations using group 
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analysis to simplify systems with aggregation, growth, and nucleation (Pinar, 2021). 

Applications have also expanded to biological systems, such as viral aggregate size modeling 

(Zhang; Prigiobbe, 2022). Reviews focused on pharmaceutical crystallization (Lahiq; 

Alshahrani, 2023) underscore the relevance of the PBE as a versatile and essential tool 

across scientific and industrial domains. In industrial processes such as solid-liquid 

separation and drying, particle number and size distributions are critical, with crystallization 

modeling traditionally relying on the PBE, initially limited to nucleation and growth, and later 

extended to include aggregation and breakage (Randolph, 1969, 1988; Falope; Jones; 

Zauner, 2001). The particle size distribution density function is central to the PBE, providing 

a continuous mass-based description of particle evolution over time. Recent mass-centered 

reformulations have incorporated all key mechanisms, enhancing the equation's applicability 

to crystallization and milling processes (Breit; Jakobsen; Von Harbou, 2025). 

The strict conservation of mass and increased accuracy in predicting granulometric 

properties, especially in multimodal and transient distributions, are ensured by the proper use 

of the population balance equation (Breit; Jakobsen; Von Harbou, 2025). The particle size 

distribution density function is time-sensitive and influenced by particle interactions, showing 

higher values for smaller volumes and decreasing as particle volume increases due to 

aggregation (Batista, 2011). In particulate processes, the particle size distribution (PSD) is a 

crucial parameter for operational control and product property definition (Alexopoulos; 

Roussos; Kiparissides, 2024).  

Similarly, the crystal size distribution (CSD) and crystal morphology are directly 

influenced by local concentrations and mixing dynamics, particularly in rapid processes 

where mixing efficiency governs interparticle interactions (Pagliolico; Marchisio; Barresi, 

1999; Jung et al., 2000; Krutzer, 1999; Zauner; Jones, 2000; Sung et al., 2000). In biphasic 

systems with a continuous phase and a dispersed phase, the latter is represented as a 

population of particles with coordinated properties. The formulation of the population balance 

equation for such systems was introduced (Hulburt; Katz, 1964) and consolidated 

(Ramkrishna, 1985), having been widely employed in the modeling of solid processes and 

extended to various other scientific fields (Costa, 2007; Pinar, 2021; Zhang, 2022; Lahiq, 

2023. 

The Population Balance Equation (PBE) describes the temporal evolution of particle 

number as a function of size in crystallization, accounting for nucleation, growth, aggregation 

and breakage, while conserving mass and coupling to system mass and energy balances. 

Numerical solutions employ semi-analytical, sectional or moment methods to capture 

granulometric changes under varied conditions (Shweta; Hussain; Kumar, 2024). Data-driven 
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sparse-regression models now infer kinetic kernels directly from limited or noisy time-series, 

broadening PBE applicability (Tiong; Ahamed; Ho, 2025). Stochastic Monte Carlo techniques 

further resolve particulate dynamics by modeling random birth–death events, supporting 

multimodal and transient systems, and complementing deterministic methods (Panicker, 

2023). 

Crystallization, a cornerstone of the chemical and pharmaceutical sectors, proceeds 

via spontaneous or heterogeneous nucleation, followed by crystal growth, aggregation and 

fragmentation, which collectively determine particle size and morphology, and thus purity and 

downstream performance (Verki et al., 2025). Quantitative description employs the 

Population Balance Equation (PBE); finite‑volume discretization in MSMPR reactors 

achieves numerical efficiency without sacrificing accuracy in the predicted size‑distribution 

curve (Singh et al. 2020). First‑order explicit schemes, e.g. Euler methods augmented with 

peridynamic operators, maintain computational stability and robustness even amid strong 

kinetic nonlinearities and fine spatial meshes (Ruan et al., 2024). In continuous operations, 

such as slug‑flow cooling, coupling the PBE with mass and energy balances enables precise 

control of local supersaturation, resulting in tighter size distributions and enhanced product 

quality (Kufner, 2023). 

Variants of integral transforms, such as those of Melin, Henkel, and Z, have been 

adapted for specific contexts, proving effective in solving partial differential equations (PDEs), 

developing numerical methods, and analyzing complex dynamical systems (Debnath; Batha, 

2007). Their use has expanded from 19th-century studies to contemporary investigations of 

nonlinear and chaotic systems, demonstrating both versatility and scientific relevance. In 

engineering, exact or approximate solutions facilitate interpretation of physical parameters; 

however, classical methods like separation of variables may be inadequate for PDEs with 

non-homogeneous boundary conditions. To address such limitations, the Generalized 

Integral Transform Technique (GITT) was introduced to convert a PDE into an infinite, coupled 

system of ordinary differential equations, which can be truncated for numerical solution 

(Ozisik; Murray, 1974). 

GITT does not require an exact integral transform, allowing instead the selection of an 

auxiliary problem with similar characteristics. A transform pair is then constructed using the 

orthogonality of the auxiliary problem’s eigenfunctions. This generalization extends the 

method’s applicability to nonlinear problems, surpassing the constraints of classical 

approaches (Macedo, 1999). By enabling the choice of eigenvalue problems that better 

reflect the physical system, GITT improves both exact and approximate modeling, even 

without an explicit transform (Macedo, 1999). 
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The Generalized Integral Transform Technique (GITT) employs integral transforms to 

convert partial differential equations, commonly those governing advection–diffusion or 

conjugate heat and mass transfer, into ordinary differential systems in the transform‑

coefficient domain, ensuring rapid convergence and high accuracy even with variable 

coefficients and non-homogeneous boundaries (Cotta; Mikhailov, 1997). By projecting the 

spatial domain onto orthogonal eigenfunctions, GITT decouples transport and reaction 

processes, thereby facilitating efficient chemical-engineering simulations with strict 

conservation (Cotta; Mikhailov, 1997). In contrast to mesh-based schemes for strongly 

nonlinear, coupled problems, GITT obviates spatial discretization: an analytic transform is 

applied in all but one coordinate, reducing the numerical effort to solving a single‑coordinate 

ODE system supplemented by algebraic filters derived from simplified governing equations 

(Miyagawa, 2014). Furthermore, by casting differential operators into algebraic form in the 

frequency domain, GITT streamlines solution procedures and markedly simplifies the 

treatment of complex particulate systems via the population balance equation (Dantas; Silva; 

Oliveira, 2002). 

 

3 METHODOLOGY 

In a chemically homogeneous particulate system, the spatial state is described by the 

size distribution density function 𝑛(𝑣, 𝑡), where 𝑛(𝑣, 𝑡)𝑑𝑣 represents the number of particles 

per unit volume within the size range from 𝑣 to 𝑣 + 𝑑𝑣. The system’s dynamics, which include 

growth by adhesion of material from the fluid phase, reduction due to material loss, and 

coagulation resulting from collisions, are governed by the general particle balance equation 

(Gelbard; Seinfeld, 1978). 

 

𝜕𝑛𝑣(𝑣,𝑡)

𝜕𝑡
+

𝜕[𝐼𝑣(𝑣,𝑡)𝑛𝑣(𝑣,𝑡)]

𝜕𝑣
= ∫ 𝛽𝑣(𝑣 − 𝑣̃, 𝑣̃)𝑛𝑣(𝑣 − 𝑣̃, 𝑡)𝑛𝑣(𝑣̃, 𝑡)𝑑𝑣̃

𝑣/2

0
−

𝑛𝑣(𝑣, 𝑡) ∫ 𝛽𝑉(𝑣, 𝑣̃)𝑛𝑣(𝑣̃, 𝑡)𝑑𝑣̃
∞

0
+ 𝑆𝑣[𝑛𝑣(𝑣, 𝑡)𝑣, 𝑡]  (1) 

 

Where: 𝐼𝑣(𝑣, 𝑡) = 𝑑𝑣/𝑑𝑡 expresses the rate of change of particle volume due to material transfer with 

the fluid phase. The coefficient 𝛽𝑣(𝑣, 𝑣̃) represents the collision rate between particles of different volumes, and 

𝑆𝑣 indicates the net rate of new particle formation.  

 

The equation accounts for four terms: individual growth by mass transfer, particle 

formation through coagulation, particle loss due to collisions, and external sources/sinks. This 

equation is applied in fields such as colloid chemistry, atmospheric aerosols, crystallization, 

and population dynamics. 
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In the proposed methodology, two distinct cases are analyzed, both following the same 

solution approach. The main difference between Case 1 and Case 2 lies in the second term 

on the left-hand side of Eq. (1), where the first depends on the spatial variable and the second 

does not. In both cases, the process begins with a similar initial equation and equivalent 

boundary conditions, followed by nondimensionalization and the application of necessary 

algebraic operations to rearrange the equation. This procedure culminates in the application 

of the GITT. 

 

3.1 CASE I 

Case 1 addresses the equation that describes the aerosol phenomenon, 

demonstrating the behavior of the particle population, represented by Eq. (2.a). Note that in 

this equation the volume term is within the second differential term, a factor that ends up 

consistently influencing the behavior of the system. 

 

𝜕𝑛(𝑣,𝑡)

𝜕𝑡
+ 𝐺0

𝜕[𝑣𝑛(𝑣,𝑡)]

𝜕𝑣
= 𝐷𝑎𝑏

𝜕²𝑛(𝑣,𝑡)

𝜕𝑣²
+

𝛽0

2
∫ 𝑛(𝑣 − 𝑣̃, 𝑡)𝑛(𝑣̃, 𝑡)𝑑𝑣̃

𝑣

0
− 𝛽0𝑛(𝑣, 𝑡) ∫ 𝑛(𝑣̃, 𝑡)𝑑𝑣̃

∞

0
 (2.a) 

 

With these initial and boundary conditions for Eq (2.a): 

 

𝑛(𝑣, 0) =
𝑁0

𝑣0
𝑒

−𝑣

𝑣0 ; 𝑛(0, 𝑡) = 0; 𝐷𝑎𝑏
𝜕𝑛(𝑣,𝑡)

𝜕𝑣
+ 𝐺𝑛(𝑣, 𝑡) = 0 (2.b) 

 

Which has the following dimensionless groups: 

 

𝜂 =
𝑣

𝑉
;  𝑛̃(𝜂, 𝜏) =

𝑛(𝑣,𝑡)𝑉

𝑁0
;  𝑛̃(𝜂 − 𝜂, 𝜏) =

𝑛(𝑣−𝑣̃,𝜏)𝑉

𝑁0
;  𝜂 =

𝑣̃

𝑉
;  𝑛̃(𝜂, 𝜏) =

𝑛(𝑣̃,𝑡)𝑉

𝑁0
;  𝜏 = 𝐺0𝑡;  𝐵𝑖𝑚 =

𝐺𝑉𝑁0

𝐷𝑎𝑏
   (3.a-g) 

 

Substituting dimensionless groups into Eq. (2.a) and rearranging the equation, we 

have: 

 

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜏
+ 𝑛̃(𝜂, 𝜏) + 𝜂

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜂
=

𝐷𝑎𝑏

𝐺0𝑉²

𝜕²𝑛̃(𝜂,𝜏)

𝜕𝜂²
+

𝛽0𝑁0

2𝐺0
∫ 𝑛̃(𝜂 − 𝜂, 𝜏)𝑛̃(𝜂, 𝜏)𝑑𝜂

𝜂

0
−

𝛽0

𝐺0
𝑛̃(𝜂, 𝜏) ∫ 𝑛(𝑣̃, 𝑡)𝑑𝑣̃

∞

0
 (4) 

 

Solving the integral of the last term on the right, we obtain: 

 

∫ 𝑛(𝑣̃, 𝑡)𝑑𝑣̃
∞

0
= 𝑀0 =

2𝑁0

2+𝛽0𝑁0𝑡
=

2𝑁0

2+(𝛽0𝑁0𝜏/𝐺0)
 (5) 

 

Substituting Eq. (5) into Eq. (4) and rearranging the terms algebraically, we obtain: 
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𝜕𝑛̃(𝜂,𝜏)

𝜕𝜏
+ 𝑛̃(𝜂, 𝜏) + 𝜂

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜂
= 𝐴

𝜕²𝑛̃(𝜂,𝜏)

𝜕𝜂²
+ 𝐵 ∫ 𝑛̃(𝜂 − 𝜂̃, 𝜏)𝑛̃(𝜂̃, 𝜏)𝑑𝜂̃

𝜂

0
− 𝐶𝑛̃(𝜂, 𝜏) (6.a) 

 

Where each constant is given below: 

 

𝐴 =
𝐷𝑎𝑏

𝐺0𝑉²
;    𝐵 =

𝛽0𝑁0

2𝐺0
;    𝐶 =

2𝛽0𝑁0

𝐺0[2+(𝛽0𝑁0𝜏/𝐺0)]
 (6.b-d) 

 

After dimensioning the differential terms, GITT is applied to Eq. (6.a) in order to remove 

the independent variable v, where Eq. (7.a) is the integral transform and Eq. (7.b) is its inverse 

transform (Cotta; Mikhailov, 1997). 

 

𝑛̅(𝜆𝑖, 𝜏) =  ∫ 𝑋(𝜆𝑖, 𝜂)𝑛̃(𝜂, 𝜏)𝑑𝜂
1

0
;  𝑛̃(𝜂, 𝜏) =  ∑

𝑋(𝜆𝑗,𝜂)𝑛̅(𝜆𝑗,𝜏)

𝑁(𝜆𝑗.)
∞
𝑗=1   (7.a,b) 

 

Multiplying Equation (6.a) by 𝑋(𝜆𝑗, 𝜂) and integrating over the interval 0 to 1 in dη, we 

have: 

 

∫ 𝑋(𝜆𝑖 , 𝜂)
1

0
[

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜏
+ 𝑛̃(𝜂, 𝜏) + 𝜂

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜂
= 𝐴

𝜕2𝑛̃(𝜂,𝜏)

𝜕𝜂2 + 𝐵 ∫ 𝑛̃(𝜂 − 𝜂, 𝜏)𝑛̃(𝜂, 𝜏)𝑑𝜂
𝜂

0
− 𝐶𝑛̃(𝜂, 𝜏)] 𝑑𝜂  (8) 

 

Solving and rewriting Eq. (8), we obtain: 

 

𝜕𝑛̅(𝜆𝑖,𝜏)

𝜕𝜏
+ 𝑛̅(𝜆𝑖 , 𝜏) + ∫ 𝑋(𝜆𝑖, 𝜂)𝜂

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜂
𝑑𝜂

1

0
= 𝐴 ∫ 𝑋(𝜆𝑖 , 𝜂)

𝜕2𝑛̃(𝜂,𝜏)

𝜕𝜂2
𝑑𝜂

1

0
+ 𝐵 ∫ 𝑋(𝜆𝑖 , 𝜂)[∫ 𝑛̃(𝜂 − 𝜂, 𝜏)𝑛̃(𝜂, 𝜏)𝑑𝜂

𝜂

0
]𝑑𝜂

1

0
− 𝐶𝑛̅(𝜆𝑖 , 𝜏) (9) 

 

Applying Green's Theorem (Ozisik; Murray, 1974) to the second-order integro-

differential term in Eq. (9), we obtain: 

 

∫ 𝑋(𝜆𝑖, 𝜂)
𝜕2𝑛̃(𝜂,𝜏)

𝜕𝜂2 𝑑𝜂
1

0
= −𝜆𝑚

2 𝑛̅(𝜆𝑖, 𝜏) (10) 

 

Applying Eq. (10) to Eq. (9), we obtain: 

 

𝜕𝑛̅(𝜆𝑖,𝜏)

𝜕𝜏
+ 𝑛̅(𝜆𝑖 , 𝜏) + ∫ 𝑋(𝜆𝑖 , 𝜂)𝜂

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜂
𝑑𝜂

1

0
= −𝐴𝜆𝑚

2 𝑛̅(𝜆𝑖 , 𝜏) + 𝐵 ∫ 𝑋(𝜆𝑖, 𝜂)[∫ 𝑛̃(𝜂 − 𝜂, 𝜏)𝑛̃(𝜂, 𝜏)𝑑𝜂
𝜂

0
]𝑑𝜂

1

0
− 𝐶𝑛̅(𝜆𝑖 , 𝜏) (11) 

 

Applying the inverse transform in Eq. (11), we obtain: 

 

𝜕𝑛̅(𝜆𝑖,𝜏)

𝜕𝜏
= −𝑛̅(𝜆𝑖, 𝜏) − ∑ 𝑛̅(𝜆𝑗 , 𝜏)∞

𝑗=1 ∫ 𝜂
𝑋(𝜆𝑖,𝜂)𝑋′(𝜆𝑖,𝜂)

𝑁(𝜆𝑗)
𝑑𝜂

1

0
− 𝐴𝜆𝑚

2 𝑛̅(𝜆𝑖 , 𝜏) + 𝐵 ∫ 𝑋(𝜆𝑖 , 𝜂) [∫ ∑
𝑛̅(𝜆𝑗,𝜏)𝑋(𝜆𝑗,𝜂)

𝑁(𝜆𝑗)

∞
𝑗=1 ∑

𝑛̅(𝜆𝑘,𝜏)𝑋(𝜆𝑘,𝜂)

𝑁(𝜆𝑘)

∞
𝑘=1 𝑑𝜂̃

𝜂

0
] 𝑑𝜂

1

0
− 𝐶𝑛̅(𝜆𝑖 , 𝜏) (12) 

 

Rearranging Eq. (12) and applying simplifications, we obtain: 
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𝜕𝑛̅(𝜆𝑖,𝜏)

𝜕𝜏
= −[1 + 𝐴𝜆𝑚

2 + 𝑐]𝑛̅(𝜆𝑖 , 𝜏) − ∑ 𝑛̅(𝜆𝑗 , 𝜏)∞
𝑗=1 ∫ 𝜂

𝑋(𝜆𝑖,𝜂)𝑋′(𝜆𝑖,𝜂)

𝑁(𝜆𝑗)
𝑑𝜂

1

0
+ 𝐵 ∑ ∑

𝑛̅(𝜆𝑘,𝜏)𝑛̅(𝜆𝑗,𝜏)

𝑁(𝜆𝑗)𝑁(𝜆𝑘)

∞
𝑘=1

∞
𝑗=1 ∫ 𝑋(𝜆𝑖 , 𝜂)𝑋(𝜆𝑗 , 𝜂)𝑋(𝜆𝑘, 𝜂)𝑑𝜂

1

0
 (13.a) 

 

Which has the following initial condition: 

 

𝑛̅(𝜂, 0) =
𝑉

𝑣0
∫ 𝑋(𝜆𝑖, 𝜂)𝑒

−𝜂𝑉

𝑣0 𝑑𝜂
1

0
  (13.b) 

 

2.2 Case II 

Case 2 addresses the phenomenon of crystallization, representing the system's 

behavior through Eq. (14.a) and the boundary conditions presented in Eq. (14.b-d). It is 

noteworthy that in this equation, the second differential term does not involve the volume and 

depends solely on n. This case follows the same methodology applied to the previous case. 

 

𝜕𝑛(𝑣,𝑡)

𝜕𝑡
+ 𝐺

𝜕𝑛(𝑣,𝑡)

𝜕𝑣
= 𝐷𝑎𝑏

𝜕²𝑛(𝑣,𝑡)

𝜕𝑣²
+

𝛽0

2
∫ 𝑛(𝑣 − 𝑣̃, 𝑡)𝑛(𝑣̃, 𝑡)𝑑𝑣̃

𝑣

0
− 𝛽0𝑛(𝑣, 𝑡) ∫ 𝑛(𝑣̃, 𝑡)𝑑𝑣̃

∞

0
  (14.a) 

𝑛(𝑣, 𝑜) =  
𝑁0

𝑣0
𝑒

−𝑣

𝑣0  ;  𝑛(0, 𝑡) = 0 ;  𝐷𝑎𝑏
𝜕𝑛(𝑣,𝑡)

𝜕𝑣
+ 𝐺𝑛(𝑣, 𝑡) = 0 (14.b-d) 

 

Which has the following dimensionless groups: 

 

𝜂 =
𝑣

𝑉
 ;  𝑛̃(𝜂, 𝜏) =

𝑛(𝑣,𝑡)𝑉

𝑁0
 ;  𝑛̃(𝜂 − 𝜂, 𝜏) =

𝑛(𝑣−𝑣̃,𝜏)𝑉

𝑁0
 ;  𝜂 =

𝑣̃

𝑉
 ;  𝑛̃(𝜂, 𝜏) =

𝑛(𝑣̃,𝑡)𝑉

𝑁0
 ;  𝜏 =

𝐺𝑡

𝑣0
 ;  𝐵𝑖𝑚 =

𝐺𝑉

𝐷𝑎𝑏
 (15.a-g) 

 

Substituting dimensionless groups into Eq. (14.a) and rearranging the equation, we 

have: 

 

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜏
+

𝑣0

𝑉

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜂
=

𝐷𝑎𝑏𝑣0

𝐺𝑉²

𝜕²𝑛̃(𝜂,𝜏)

𝜕𝜂²
+

𝛽0𝑁0𝑣0

2𝐺
∫ 𝑛̃(𝜂 − 𝜂̃, 𝜏)𝑛̃(𝜂̃, 𝜏)𝑑𝜂

𝜂

0
−

𝛽0𝑣0

𝐺
𝑛̃(𝜂, 𝜏) ∫ 𝑛(𝑣̃, 𝑡)𝑑𝑣̃

∞

0
 (16) 

 

Solving the integral of the last term on the right, we obtain: 

 

∫ 𝑛(𝑣̃, 𝑡)𝑑𝑣̃
∞

0
=

2𝑁0

2+(𝛽0𝑁0𝜏𝑣0/𝐺)
  (17) 

 

Substituting Eq. (17) into Eq. (16) and rearranging the terms algebraically, we obtain: 

 

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜏
+ 𝐴

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜂
= 𝐵

𝜕²𝑛̃(𝜂,𝜏)

𝜕𝜂²
+ 𝐶 ∫ 𝑛̃(𝜂 − 𝜂̃, 𝜏)𝑛̃(𝜂̃, 𝜏)𝑑𝜂̃

𝜂

0
− 𝐷𝑛̃(𝜂, 𝜏)  (18.a) 

 

Where each constant is given below: 
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𝐴 =
𝑣0

𝑉
;    𝐵 =

𝐷𝑎𝑏𝑣0

𝐺𝑉²
;    𝐶 =

𝛽0𝑁0𝑣0

2𝐺
;    𝐷 =

2𝛽0𝑁0𝑣0

2𝐺+(𝛽0𝑁0𝜏𝑣0)
  (18.b-e) 

 

After dimensioning the differential terms, GITT is applied in Eq. (18.a) in the same way 

as in Case 1, using Eq. (7.a) and Eq. (7.b) in order to remove the independent variable v. 

Multiplying Equation (18.a) by 𝑋(𝜆𝑗 , 𝜂) and integrating over the interval from 0 to 1 in dη, we 

have: 

 

∫ 𝑋(𝜆𝑖, 𝜂)
1

0
[

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜏
+ 𝐴

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜂
= 𝐵

𝜕²𝑛̃(𝜂,𝜏)

𝜕𝜂²
+ 𝐶 ∫ 𝑛̃(𝜂 − 𝜂̃, 𝜏)𝑛̃(𝜂̃, 𝜏)𝑑𝜂̃

𝜂

0
− 𝐷𝑛̃(𝜂, 𝜏)] 𝑑𝜂   (19) 

 

Solving and rewriting Eq. (19), we obtain: 

 

𝜕𝑛̅(𝜆𝑖,𝜏)

𝜕𝜏
+ 𝐴 ∫ 𝑋(𝜆𝑖 , 𝜂)

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜂
𝑑𝜂

1

0
= 𝐵 ∫ 𝑋(𝜆𝑖 , 𝜂)

𝜕2𝑛̃(𝜂,𝜏)

𝜕𝜂2
𝑑𝜂

1

0
+ 𝐶 ∫ 𝑋(𝜆𝑖, 𝜂)[∫ 𝑛̃(𝜂 − 𝜂, 𝜏)𝑛̃(𝜂, 𝜏)𝑑𝜂

𝜂

0
]𝑑𝜂

1

0
− 𝐷𝑛̅(𝜆𝑖, 𝜏) (20) 

 

Applying Green's Theorem (Ozisik; Murray, 1974) to the second-order integro-

differential term in Eq. (20), we obtain the same result found in Eq. (10). Applying Eq. (10) to 

Eq. (20), we obtain: 

 

𝜕𝑛̅(𝜆𝑖,𝜏)

𝜕𝜏
+ 𝐴 ∫ 𝑋(𝜆𝑖 , 𝜂)

𝜕𝑛̃(𝜂,𝜏)

𝜕𝜂
𝑑𝜂

1

0
= −𝐵𝜆𝑚

2 𝑛̅(𝜆𝑖 , 𝜏) + 𝐶 ∫ 𝑋(𝜆𝑖 , 𝜂)[∫ 𝑛̃(𝜂 − 𝜂̃, 𝜏)𝑛̃(𝜂̃, 𝜏)𝑑𝜂̃
𝜂

0
]𝑑𝜂

1

0
− 𝐷𝑛̅(𝜆𝑖 , 𝜏) (21) 

 

Applying the inverse transform in Eq. (21), we obtain: 

 

𝜕𝑛̅(𝜆𝑖,𝜏)

𝜕𝜏
= −𝐴 ∑ 𝑛̅(𝜆𝑗 , 𝜏)∞

𝑗=1 ∫
𝑋(𝜆𝑖 ,𝜂)𝑋′(𝜆𝑖,𝜂)

𝑁(𝜆𝑗)
𝑑𝜂

1

0
− 𝐵𝜆𝑚

2 𝑛̅(𝜆𝑖, 𝜏) + 𝐶 ∫ 𝑋(𝜆𝑖 , 𝜂) [∫ ∑
𝑛̅(𝜆𝑗,𝜏)𝑋(𝜆𝑗,𝜂)

𝑁(𝜆𝑗)

∞
𝑗=1 ∑

𝑛̅(𝜆𝑘,𝜏)𝑋(𝜆𝑘,𝜂)

𝑁(𝜆𝑘)

∞
𝑘=1 𝑑𝜂

𝜂

0
] 𝑑𝜂

1

0
− 𝐷𝑛̅(𝜆𝑖 , 𝜏)0    (22) 

 

Rearranging Eq. (22) and applying simplifications, we obtain: 

 

𝜕𝑛̅(𝜆𝑖,𝜏)

𝜕𝜏
= −𝐴 ∑ 𝑛̅(𝜆𝑗 , 𝜏)∞

𝑗=1 ∫
𝑋(𝜆𝑖 ,𝜂)𝑋′(𝜆𝑖,𝜂)

𝑁(𝜆𝑗)
𝑑𝜂

1

0
− 𝐵𝜆𝑚

2 𝑛̅(𝜆𝑖 , 𝜏) + 𝐶 ∑ ∑
𝑛̅(𝜆𝑘,𝜏)𝑛̅(𝜆𝑗,𝜏)

𝑁(𝜆𝑗)𝑁(𝜆𝑘)

∞
𝑘=1

∞
𝑗=1 ∫ 𝑋(𝜆𝑖 , 𝜂)𝑋(𝜆𝑗 , 𝜂)𝑋(𝜆𝑘 , 𝜂)𝑑𝜂

1

0
− 𝐷𝑛̅(𝜆𝑖, 𝜏) (23.a) 

 

Which has the following initial condition: 

 

𝑛̅(𝜂, 0) =
𝑉

𝑣0
∫ 𝑋(𝜆𝑖, 𝜂)𝑒

−𝜂𝑉

𝑣0 𝑑𝜂
1

0
 (23.b)  

 

3.2 COMPUTATIONAL MODELING 

After applying GITT and other techniques to solve the equations, we obtained the 

analytical solutions for Case 1 and Case 2, as shown in Eq. (13.a,b) and Eq. (23.a,b), 
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respectively. We proceeded to develop computer codes in Fortran 90/95 language, which 

were executed in the Process Simulation Laboratory of FEQ/ITEC/UFPA. For the solution, 

we used the DIVIPAG routine from the IMSLMD library, a widely used routine appropriate for 

problems such as the one studied in this work. To generate the graphs, we used the Grapher 

9 software. 

To analyze the behavior of the variables of interest, all others were kept constant. Table 

1 contains the values used in the following cases. It should be noted that the process time, 

crystal size and initial particle number vary from case to case. 

 

Table 1  

Terms used in the following cases 

Term Value 

Final Time (tf) Variable 

Cristal size (EL) variable 

G 1x10^-1 

Beta 1x10^-9 

Dab 4x10^-1 

Initial particle number (N0) Variable 

Volume initial (V0) 0.015xEL 

Source: Authors, 2025. 

 

4 RESULTS AND DISCUSSIONS 

After developing the computer codes and processing the data to generate the graphs, 

solid and quite conclusive results were obtained. To discover their true capacity, several 

simulations were performed with a wide range of values for the initial number of particles (𝑛0), 

time in hours, and volume in cubic meters. For the following graphs, a common value for time 

and volume was adopted for all, in order to verify the influence of the variation in the initial 

number of particles in the system. Below are the graphs for both cases for each 𝑛0 and the 

corresponding conclusions that each one presented.  
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Figure 1 

Graph for a 𝑛0 = 1𝑥10^3 

 

Source: Authors, 2025. 

 

It can be seen that in Fig. 1 the volume density decreases over time, while the volume 

of the particles increases, a factor that is in agreement with the literature and is justified by 

the occurrence of collisions between particles that produce larger particles. Another clear 

piece of information is the relationship between the aerosol and crystallization, where the 

former reaches lower density values in relation to the latter. This behavior is due to the nature 

of each process and the tendency of aerosols to dissipate quickly in the medium.  

By increasing the process time in the simulations, it can be seen that the graph 

continues to have the same behavior, with a reduction in density and, consequently, an 

increase in the volume of the particles. However, due to the low number of particles in the 

system, they are unable to reach higher values of density and volume due to the lack of 

matter in the medium, showing that the use of excessively large values of time and volume 

is irrelevant. 
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Figure 2 

Graph for a 𝑛0 = 1𝑥10^5 

 

Source: Authors, 2025. 

 

When observing Fig. 2, it is clear that increasing 𝑛0 logically impacts the values 

obtained, since a high number of particles increases the number of collisions and interactions 

between them, also encouraging an increase in the population density scale. Furthermore, 

the graph follows the same behavior as the previous one, where the population density is 

inversely proportional to time, and the latter, directly proportional to the volume of the 

particles.  

When increasing the simulation time, the graph continues to have a similar curve, 

maintaining the tendency of reducing particle density while their volume increases. The 

comparison between aerosols and crystallization remains very clear, with a peak for the 

aerosol at time 1.15385, which undergoes a considerable reduction at time 5, a reduction that 

attenuates at time 10 of the simulation. This behavior reinforces the nature of this process. 

Due to the increase in the number of particles, this system allows a greater variation in time 

and volume values. 
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Figure 3 

Graph for a 𝑛0 = 1𝑥10^7 

 

Source: Authors, 2025. 

 

Following the pattern of the previous graphs, Fig. 3 illustrates the behavior for a system 

with a high number of particles, a factor that influences the magnitude of the population 

density and volume values, since a greater number of available matter provides a stimulus 

for an increase in population density, as well as volume. Otherwise, the curves behave 

similarly to the previous ones, demonstrating solidity and good agreement of the code and 

model used, in addition to highlighting the difference in the nature of the processes studied, 

where again, lower values of aerosol population density are observed for each test period.  

Due to the increase in initial particles, the scope of time and volume relevant for 

analysis becomes larger, allowing research and analysis of more complex and broad 

systems. In order to verify the influence of the variation in time and particle size on the 

behavior of the system, other simulations were performed keeping the value of 𝑛0 constant, 

increasing the values of time and particle size. Fig. 4 illustrates the graph obtained in one of 

these simulations. 
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Figure 4 

Graph for a 𝑛0 = 1𝑥10^7 with parameter variation 

 

Source: Authors, 2025. 

 

It can be seen that as time increases, the population density reduces even further, 

maintaining the expected behavior presented in the previous cases. Due to collisions and 

interactions between particles, even larger aggregates tend to emerge as time increases, a 

behavior illustrated in the graph, perceived by the reduction of small particles at times 25 and 

50, concluding that most particles of size between 1 and 5 at time 5.76923 showed an 

increase in volume. Higher time values were tested in the code; however, as expected, the 

system tends to stabilize due to the reduction in population density and, consequently, in 

interactions between particles. Due to the nature of the process involving aerosols, which 

tend to occur in solute-poor environments, causing particle clusters to dissipate, it was not 

feasible to compare it at high time values. 

In all four values of 𝑛0, time and volume values smaller and larger than those presented 

in the graphs were tested to verify their influence on the behavior. In all cases, the population 

density tried to reach a minimum at the same rate as volume and time increased, since a 

longer time favors interactions between the particles in the system, resulting in a reduction in 

particle density. However, it is clear that the influence of time interferes more permanently in 

the system than the increase in volume, a factor clarified by the irrelevance of using 

excessively large values in the behavior of the curves. Furthermore, as 𝑛0 increases, 

increasing volume values become relevant for analyses and simulations, since a larger 

population favors the emergence of larger particles. 
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5 CONCLUSION 

In this present work, after analyzing the results obtained, it is concluded that the 

application of GITT to solve the PBE is valid, presenting results that are consistent with the 

literature and with the nature of the processes it represents. Furthermore, the robustness of 

the code created is highlighted, using the DIVPAG routine of the IMSL library in Fortran 90/95, 

covering a wide range of values, thus allowing complex and large-scale simulations. 

The application of the established method demonstrated the ability of GITT to solve 

Integro-differential problems, facilitating the understanding of processes such as 

crystallization and aerosols, as well as phenomena related to colloidal chemistry and 

particulate systems. The application of the technique proved capable of providing an equation 

capable of describing the phenomena satisfactorily without the need for coarser 

approximations, a situation that was the objective of this present study. 

The code produced generated graphs consistent with what was expected of these 

processes, characterized by the inversely proportional relationship between population 

density and particle size, and also having a coherent relationship with time, where the 

increase in time results in the emergence of larger particles due to contact between them in 

the medium. The code was stressed with numerous values of time, particle size and initial 

number of particles, proving capable of simulating processes with a wide scope for all these 

values, respecting those that are coherent. 
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